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The OEDIPUS missions employ suborbital rocket � ights to study the space plasma of the ionosphere. An
OEDIPUS payload comprises two spinning subpayloads that are connected by a tether that is up to 1000 m in
length. Experiments that were undertaken with a Tether Laboratory Demonstration facility (TE-LAB) to con� rm
mathematical modeling of OEDIPUS are reported. A linear mathematical model of the dynamics of the ground-
based con� guration is outlined. The modeling entails the same methods that are used for the in-space OEDIPUS
con� gurationand, in addition, includes effects important to the 1-g laboratoryenvironment.An eigenvalueanalysis
of the model is presented that is based on damped gyroscopic natural modes. Stability criteria are obtained from
analysis of positive de� niteness of the stiffness matrix. Data from test cases obtained with the TE-LAB facility
are presented. The data include experimental modal parameters obtained using a charge-coupled device camera
and fast Fourier transform-based processing. The eigenvalues from the analytical model compare well over the
parameter range investigated. The analytical stability criteria also match with TE-LAB results for end-body
dynamics. However, modeling of nonlinearities would be required to explain some of the dynamics phenomena of
the tether that are in evidence in the TE-LAB data.

Introduction

T HE OEDIPUS type of con� guration consists of two rocket
subpayloads that each spin about their minor axes, payload-

attached radial booms that are � exible and a connecting tether
(Fig. 1). In the initial stages of the mission, the two subpayloads
are connected and are deployed from the launch vehicle with a spin
about their longitudinal axes. Booms are deployed, and then the
subpayloads are separated by an impulse from a cold gas system.
During separation, the tether deploys to a length of about 1 km,
during which time its tension is held constant at about 1.1 N by the
action of a magnetic hysteresis brake on its reel. After separation,
the tether tension drops to a lower, near-zero value.

The mathematicalmodelingfor the OEDIPUS � ights is described
in Refs. 1–5. In the � rst stage of modeling, emphasis was focused
on understandingthe behavior of a con� guration with a single pay-
load, a constant length tether (linear terms only), two sets of � exible
booms, and nonlinear rotational dynamics of the payload. Nonlin-
earities of the tether have been explored for subcases.

The Tether Laboratory Demonstration System (TE-LAB) was
developed to demonstrate the dynamics of the OEDIPUS type of
con� gurationwith physicalhardware and to providelaboratorydata
for comparison with mathematical models.6 TE-LAB is intended to
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bea ground-basedscalemodelversionof thementioned� rst stageof
OEDIPUS modeling. It is shown schematically in Fig. 2. However,
it differs from the in-space con� guration in the following ways:
1) it is much smaller due to laboratory ceiling height limitations,
2) the forces of gravity are greater in the laboratory than in the in-
space environment, and 3) there are friction forces in supporting
gimbals of the laboratorysetup that are not present in space. In light
of these differences, a separate mathematical model of TE-LAB
was developedthat incorporatesthe laboratoryeffects in addition to
the in-� ight phenomena. The same basic assumptions and methods
were used for both the TE-LAB and the in-space model and, thus,
validation of the TE-LAB mathematical model using experimental
data contributes directly to validation of the in-� ight model.

In the following,the relevantfeaturesofTE-LAB are � rst summa-
rized. The linear mathematicalmodel of TE-LAB is then described.
The test program that was conductedwith TE-LAB is outlined, and
sample results are given. The test program concentratedon the dy-
namics of the rigid end body and its interaction with the tether.
Experimental and theoretical results are compared, and agreements
and shortcomings are summarized. Finally, the signi� cance to the
planned OEDIPUS-C � ight is discussed.

TE-LAB and Measurement System
The main elements of TE-LAB are depicted schematically in

Fig. 2 and include the following: 1) an end body supported by a
2-axis gimbal that is driven by a rotating table, 2) an upper rotat-
ing table with tether spool and tension applicationdevice (dc motor
with hysteresis clutch), 3) a constant length of tether wire, and 4) a
payload-orientation determination system. The tether is stranded
tin-coated copper with Te� on® coating having a diameter of about
1 mm (Raychem 55a0111-24-9) and is the same wire as used in the
OEDIPUS missions.The upper and lower drive motors are synchro-
nized so that the tetherdoes not twist during operation.The payload
orientation determinationsystem (PODS) has two re� ective targets
on top of the end body that are tracked with a charge-coupled de-
vice camera, and their positions in the � eld of view are used to
compute three Euler angles that describe the attitude of the end
body. A 486 PC computer system supports the control of the elec-
tric motors, the PODS operation,and data processing.The TE-LAB
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Fig. 4 Coordinates and variables of end body, 3–2–1 Euler angles
sequence.

Fig. 5 Coordinates of the tether: r(s; t) = r0 + u(s; t) and u(s; t) =
u(s; t)e1 + v(s; t)e2 + w(s; t)e3.

The motion of the end body is de� ned by a 3–2–1 Euler angle
rotational sequence. For small nutation, h and w de� ne the motion
of the spin axis and v de� nes the spin angle. The kinetic energy of
the end body is

TB D 1
2

A0 x 2
1 C 1

2
B0 x 2

2 C 1
2
C0 x 2

3 (1)

where A0, B0 , and C0 are moments of inertia and x 1, x 2 , and x 3

are angular rates of the end body. The angular rates are functions of
the Euler angles, and to linear order they are

x 1 D Pw ¡ Pv h x 2 D Ph C Pv w x 3 D Pv (2)

The deformation of the tether is de� ned relative to [PY1 Y2 Y3]
(Fig. 5), which rotates with the spin angle of the lower end body.
The displacement has components u(s, t ), v(s, t ), and w(s, t ). The
end body and tether are connected at point P and, hence, the Euler
angles and tether coordinates are interrelated as follows:

u(0, t ) D b h v(0, t ) D ¡b w w(0, t ) D ¡ 1
2
b( w 2 C h 2)

(3)
The kinetic energy of the tether has the following form:
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In the preceding expression, q is the mass of the tether per unit
length.

The work due to the tension applied to the tether at s D `may be
shown to be

Wt D ¡1

2
T

`

0

u2
s C v2

s ds ¡ 1

2
T b( h 2 C w 2) (5)

The work associated with the Earth’s gravity � eld has the form

Wg D
1

2
q g b̀( h 2 C w 2) C

1

2

`

0

q g(`¡ s) u2
s C v2

s ds (6)

where T is tether tension, g is the gravitational constant, the sub-
script s denotesdifferentiationwith respect to s, and b is the distance
from 0 to the attachment point of the tether.

The tether deformationsare discretized with assumed shape fac-
tors. The series that take into account the appropriatenatural bound-
ary conditions follows:

u(s, t ) D (1 ¡ n )b h (t ) C Ù T ( n )qu(t )
(7)

v(s, t ) D ¡(1 ¡ n )b w (t ) C Ù T ( n )qv(t )

where n D s/ ,̀ U is a columnmatrixof n assumedsinusoidalshape
functions, qu (t ) and qv(t ) are column matrices of corresponding
time-dependent tether deformation variables, and

U ( n ) D

sin p n

²
²

sinn p n

qu (t) D

qu1(t )

²
²

qun (t)
(8)

qv (t) D

qv1(t )

²
²

qvn (t )

Substitution of Eqs. (7) into Eqs. (4–6) results in expressions for
thepotentialsTt and Wt in terms of the discretevariables.Lagrange’s
equationscan thenbe appliedwith thepotentialsto obtain themotion
equations. Linearization of the spin variable x 3(t ) follows about
a constant spin rate S. The motion equations are obtained, after
lengthy but straightforwardalgebra, in the second-order form

M Èx C (D C G) Çx C Kx D 0 (9)
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The state variable in Eq. (9) is xT D [ w , h , qT
u , qT

v ]. The matrix
coef� cients are constant and are
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0 B RT 0

0 R M 0

¡R 0 0 M
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The coef� cients within the matrices are de� ned as
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Ct is the coef� cient of a linear viscous damping term that is added
to represent material damping of the tether. Dg w and Dg h are
coef� cientsof linearviscousgimbaldamping terms. The subscript n
refers to differentiation.The mass, damping, and stiffness matrices,
M, D, and K, respectively,are symmetric. The gyroscopicmatrix G
is skewsymmetric.The equationsde� ne a linear,vibratory,damped,
gyroscopic system.

Eigenproblem Analysis
The damped gyroscopic modes and frequencies may be derived

from Eq. (9) using methods of Ref. 10. Equation (9) may be rear-
ranged to the following form:

A ÇZ C BZ D 0 (10)

where

Z D
Çx
x

A D
M 0
0 K

B D
D 0
0 0

C
G K

¡K 0

A is symmetric and positive de� nite and has dimension 4n C 4.
B is the sum of a skew symmetric and a symmetric part and has
dimension 4n C 4. For this structure of equation, the eigenproblem
has 4n C 4 eigenvalues that are in conjugate pairs,

k k D ¡ r k C i m k k ¤
k D ¡ r k ¡ i m k (11)

The r k and m k convertto naturalmodal frequenciesand modaldamp-
ing ratios by the formula

x 2
k D m 2

k C r 2
k | k D r k m 2

k C r 2
k (12)

The 4n C 4 correspondingeigenvectors have the form

Zk D
k k (Uk C iVk)

Uk C iVk
(13)

where Uk and Vk are real-valued parts of a complex eigenvector.
The damped gyroscopicmode shape has the following form:

xk D e¡ r k t fUk cos m k t ¡ Vk sin m k tg (14)

where xk (t) is the kth mode shape expressed in terms of real-valued
quantities.

A typicalgraphofmodal frequenciesandmodaldampingratiosvs
spin rate is shown in Fig. 6. Examplesof correspondingmode shapes
are shown in Fig. 7. The modes group into categories: 1) tether
modes, which are dependent on tether mass and tension and to a
much lesser extent on the end body (e.g., all modes except f D
3.151 Hz in Fig. 7), and 2) one end-body nutation mode, which is

predominantly dependent on end-body inertias and tether tension
and to a much lesser extent on tether mass (e.g., f D 3.151 Hz in
Fig. 7); there is also a spin mode, which has frequency S if the spin
rate is suf� ciently high and/or the tether coupling is weak.

In addition,the followingcharacteristicshavebeennoted through
computer analyses, and they are evident in Fig. 6. Graphs that illus-
trate the points more fully are presented in Ref. 7.

1) When the con� guration is not spinning (i.e., S D 0), the fre-
quencies are double roots of the eigenvalueproblem; this is consis-
tent with the symmetry about the transverse axes of the end body
and the tether.

2) When the con� guration is spinning at low speed (i.e., S is less
than about 0.5 Hz), the frequenciesand damping ratios are positive,
which indicates stability of the equilibrium state.

3) There are critical values of S where a particular frequency is
zero; the corresponding damping ratio is noted to change sign at
these values. Below the critical value of S, the stabilizing effect
of tether tension dominates the destabilizing effect of tether cen-
trifugal force; above the critical value, the reverse is true and the
corresponding tether mode is unstable.

Fig. 6 Modal frequencies and damping ratios vs spin rate: major axis
spinner, light tether, and T = 1.41 N.
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Natural frequency: 1.356

Natural frequency: 0.2724

Natural frequency: 0.6414

Natural frequency: 1.949

Natural frequency: 3.151

Natural frequency: 4.65

Natural frequency: 6.296

Natural frequency: 7.944

Fig. 7 Damped gyroscopic mode shapes: major axis spinner, light tether, T = 1.41 N, and S = 3.0 Hz.

4) For the major axis spinner con� gurations of the TE-LAB, the
nutation mode is stable (i.e., the nutation frequency is nonzero for
all values of S). For minor axis spinner con� gurations, the nutation
mode may be stable or unstable, depending on tension, spin rate,
and other parameters.

Stability Criteria
The state variables of Eq. (9) are coupled by the tether damping.

Hence, the system is stable if and only if the K matrix is positive
de� nite.3,11 This condition has been reduced by Tyc3 for the case
with three assumed tether shapes. Two sets of criteria for stability
are obtained.

1) Tether-associatedcriteria

T ¸
q `2S2

n2 p 2
C

q g`

2
¡

2q g2`3 \
g
n¡1, n

n2 p 2 k n
n D 1, 2, . . . (15)

2) End-body (payload)-associated criterion
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S2
1 C

b
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(16)

The constants kn , k n , and \
g
n, m are recursive and are de� ned fully

in Ref. 8. The criteria do not depend on gimbal or tether damping,
as they are derived solely from the K matrix. Relation (16) is the
well-known maximum-moment-of-inertia criterion for stability of
the gyroscopic end body, with extensions to include the stabilizing
effect of tether tension and the destabilizing effect of tether spin.
Also the effect of laboratory gravity is included.

These stability criteria are presented in graphical form in Fig. 8
for a TE-LAB parameter set that comprises a minor axis spinner
and a light tether. The dotted lines in the tension vs spin rate graph
are locations where the left-hand side equals the right-hand side in
relations (15) and (16). To the left of line labeled P, the criterion of
relation (16) is satis� ed. To the left of T1, T2, and T3, the criteria
of relation (15) are satis� ed for n D 1, 2, and 3, respectively.Thus,
in theory the TE-LAB motion is forecast to be unstable where its
(T , S) coordinate on the graph is in the shaded region. Con� gura-
tions below the minimum tension line are physically unrealizable
in the laboratory (the force of gravity on the tether exceeds the sus-
pending tension). The relative locationsof the P and T1, T2, and T3
lines turn out to be different for various combinations of TE-LAB
parameters. The combinations will be illustrated in the section on
comparison of experiment and theory.

The stability boundaries can also be obtained from analysis of
where the natural frequencies are zero.7 The gravity force in the
laboratoryin� uences the locationof the stabilityboundariesto some
extent,7 as is illustrated in Fig. 9.

Fig. 8 Stability criteria: minor axis spinner, light tether.

Fig. 9 Effect of gravity on stability boundaries: minor axis spinner,
heavy tether; ——, with gravity and – – – , without gravity.

TE-LAB Results and Comparison with Modeling
Test Program and Procedures

Tests were grouped into three categories: minor axis spinner
with light tether, minor axis spinner with heavy tether, and ma-
jor axis spinner with light tether. The physical parameters of the
correspondingcon� gurationsare in Table 1. Spin rates and tensions
for each con� guration are summarized in Table 2.

For end bodies that appeared stable, two types of initial condi-
tions were imparted experimentally.The � rst was a torque-freekick
applied by hand to the end body. The second was a tether pluck,
where the tether was pulled by hand several inches from the spin
axis and released. Con� gurations that tended to be unstable were
subjected to a third initial condition,namely, zero angle, zero tether
deformation; in this case the end body was stabilizedby hand about
the vertical and released. To verify the repeatabilityof the tests, the
minor axis spinner with light tether was tested twice.
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Table 2 Summary of tests of spinning end body and tether

Spinner Tether Tether Spin rate, Hz No. of
type type tension, N (for each tension) times tested

Minor light 0.5, 0.89, 1.42, 0, 0.5, 0.75, 1.0, 2
axis 2.76, 2.54 1.25, 1.5, 2.0,

2.25, 2.5, 2.75, 3.0
Minor heavy 2.02, 3.51, 4.54 0, 0.5, 0.75, 1.0, 1

axis 1.5, 2.0, 2.5, 3.0
Major light 0.49, 1.41, 4.54 0, 0.5, 0.75, 1.0, 1

axis 1.5, 2.0, 2.5, 3.0

Fig. 10 Sample run A: minor axis spinner, light tether, T = 2.76 N, and
S = 1 Hz.

Fig. 11 FFT of sample run A.

Experiment Observations of End-Body Angular Motions
Sample run A (Fig. 10) is a typical case where the angularmotion

of the end body converges in the direction of the x D 0 equilibrium
state from a nonzero initial condition. It is a minor axis spinnerwith
light tether,at a tensionof 2.76 N and spin rate of 1 Hz. The TE-LAB
measurement system is able to detect changes in angle of less than
0.1 deg, and its absolute accuracy is C/ ¡0.5 deg or better for end-
bodyanglesof 12 deg or less.8 In realityconvergenceto zero is never
perfectly achievedwith TE-LAB, due to mechanical imbalance and
other imperfections.The minimumangle attainedafter convergence
( h or w or nutation) was about 1 deg. An exponential curve � t for
this responseis also shown in Fig. 10; the coef� cientb (of ebt ) works
out to ¡0.061 and gives a measure of the convergence rate of the
time history.The tether deformationsappearedrandombut bounded
during visual observation. A fast Fourier transform (FFT) of data,
presented in Fig. 11, shows that the attitude motion comprises the
superposition of three harmonic modes of frequencies 0.35, 1.03,
and 2.06 Hz.

Sample run B (Fig. 12) illustrates divergent behavior. It is from
the same series of tests as sample run A, but with a higher spin
rate (1.75 Hz). The coef� cient b works out to C0.020 for these
data, which gives a measure of the divergence rate. The observed
tether motion was random but bounded. FFTs of this category of
motion were also obtained, to identify the spectral content of both
converging and diverging modes.7,8

Sample run C (Fig. 13) illustrates a case where h and w diverge
from the x D 0 equilibrium state but converge to a limit cycle. The
nutation angle of the limit cycle, which is given approximately by

Fig. 12 Sample run B: major axis spinner, light tether, T = 2.76 N, and
S = 1.75 N.

Fig. 13 Sample run C: minor axis spinner, light tether, T = 0.5 N, and
S = 0.5 Hz.

Fig. 14 Comparison of modal frequencies: minor axis spinner, heavy
tether, and T = 4.54 N.

m 2 D h 2 C w 2, is about 25 deg. The con� guration is a minor axis
spinner with a light tether, with spin rate of 0.5 Hz and tension of
0.5 N. The tethermotionwas small and not resonant.The exponentb
associatedwith the divergentpart of this motion was C0.503,which
was very high.

Comparison of Measured and Theoretical
Natural Modal Frequencies

Figure 14 is a sample of the comparison between measured and
calculated frequencies of the system modes. The con� guration is a
minor axis spinnerwith a heavy tether and tensionof 4.54 N. Six as-
sumed shapes were used for discretizationof the tether in the analyt-
ical calculation.The measured frequencieswere obtained from FFT
processing of an end-body Euler angle, as is illustrated in Fig. 11.
The resolution of the FFTs was between 0.02 and 0.12, depending
on the number of samples chosen for processing. The numerical
values of the FFT frequencies were generally repeatable to within
2–3% from one test to another. The experiment results are observed
to be in excellent agreement with the analytical calculations, for
both converging and diverging cases. A frequency corresponding
to the TE-LAB spin rate appears in the data; this frequency is not
forecast by the mathematical model but is rationalized to be due to
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Fig. 15 Contours of constant b superimposed on theoretical stability
graph:minoraxis spinner, light tether; boldline is experimental stability
boundary.

imbalance of the rotating end body and/or to an unmodeled small
inner gimbal ring in the end body. In some cases there is a seeming
absenceof an experimentpoint to con� rm an analyticalcalculation,
e.g., at S D 2.6 Hz; it is very possible that such modes were simply
missed experimentally because of a response below the threshold
of measurement.

Reference 7 presents results for other con� gurations. In all cases
agreement is excellent, thus validating the natural frequencycalcu-
lation of the linear mathematical model.

Comparison of Measured Convergence/Divergence Boundaries with
Theoretical Stability Criteria

The measured exponential time coef� cients b (described earlier)
have been organized into constant-value contours in the tension-
spin rate format illustrated in Fig. 8. For each system con� guration,
a surface was interpolated from the b of all tests in the tension-spin
rate plane. The numerical computation software MATLAB® was
used to perform this interpolationand to generate contour curves of
constant b. An experiment-derivedcontour with b D 0, thus, is the
counterpartof the theoreticalstabilityboundary(Fig. 8) and criteria
(15) or (16). There are three categoriesof this type of stabilitygraph,
in accordance with the relative positioning of the P and T lines of
the theoretical calculation shown in Fig. 8.

Figure 15 shows the � rst of the three categories. The con� gu-
ration is a minor axis spinner with a light tether. The contours in
this � gure were generated based on the interpolationof 55 tests per-
formed in this tension-spin rate plane. The underlying dotted lines
and shaded areas are from the theoretical calculation. The lowest
natural frequency is the end-body nutational mode, and the tether
modes have higher frequencies; thus, the P line lies to the left of
the T1–T3 lines. The solid lines are the contours constructed from
the experiment-derivedvalues of the exponential coef� cient b. The
comparison reveals the following.

1) The b D 0 contour matches reasonably well with the P line
and, thus, the theoretical end-body (payload) criterion (16) agrees
with experiment.

2) To the left of the P line, experiment and theory both indicate
convergence and stability.

3) To the right of the P line, experimentand theory generallyboth
indicate divergence/instability with the exception of the two small
areas that are encircled by zero contours.

4) The two experiment-derived zero contours that encircle con-
vergent areas in the shaded region are not within the scope of the
linear model. Tests in these areas were found to have negative ex-
ponential time constants. It is conjectured that the model does not
include them because of missing nonlinear terms in the tether dy-
namics. The regions may represent small nonzero limit cycles that
are below the resolution of the TE-LAB/PODS setup.

Figure 16 shows the second category of stability graph, in which
theoretical calculations indicate that the P line lies to the right of a
T1 line. The data correspond to a minor axis spinner with a heavy
tether. The lowest frequency is a tether mode, and the end-body
nutation mode is the second lowest. Of most signi� cance is that
the experimental b D 0 stability contour matches the P line and

Fig. 16 Contours of constant b: minor axis spinner, heavy tether.

Fig. 17 Contours of constant b: major axis spinner, light tether.

Fig. 18 Occurrences of tether resonances as a function of tension and
spin rate: minor axis spinner, light tether.

not the T1 line as would be expected from the linear theory. Thus,
experimentvalidatesrelation(16)as thecorrectpracticalindicatorof
stability and not relation(15). It is conjecturedthat this shortcoming
in the modeling is also associated with the lack of nonlinear terms
in the tether dynamics.

Figure 17 illustratesthe third categoryof stabilitygraph, which is
characterizedby the absence of a P line. The � gure corresponds to
a major axis spinner with a light tether. The theoretical calculation
of the nutation mode always turns out stable and, thus, Fig. 17 has
no P line. According to theory, the system should be unstable to the
left of the T1 line; however, the experimental data clearly exhibit
stability.

Visual Observation of Tether Resonance
Tests were done where the spin rate was held constant and the

tension was very slowly lowered from a high value to nearly zero.
At certain values of tension, the tether motion developed into vari-
ous pure vibratory modes with signi� cant but bounded amplitude.
Figure 18 shows the data from such tests. The experimental reso-
nancelinescoincidewith the tether-relatedstabilityboundaries(i.e.,
lines T1–T3 of Fig. 15), which were obtained from relation (15).



478 VIGNERON ET AL.

Thus, in practice relation (15) identi� es the conditions for which
pure mode shapes of bounded amplitude will appear rather than
instabilities as forecast by the linear mathematical model.

Summary Regarding Experiment vs Theory
The comparisons of Figs. 14–18 lead to the following general

conclusions.
1) The linear model forecasts the damped gyroscopic natural

modal frequencies very well, for both converging and diverging
modes. The accuracy forecastingmodel frequenciesis within about
5% for the signi� cant modes.

2) The end-body (payload) stability criterion (16) is validated
by measurements over a substantial range of parameter combina-
tions. As an illustration of accuracy, the calculated critical spin
rates are typically within about 15% of those measured in the
tests.

3) The tether-mode instabilities that the mathematical model in-
dicates via relation (15) do not appear as fully divergentinstabilities
in laboratorymeasurements. In the laboratory, the forecast instabil-
ities turn out to be observed as pure tether modes of substantial but
bounded amplitude and they occur only near the calculatedstability
boundaries.

4) The followingphenomenaare not within the scope of the linear
mathematical model and are likely associated with missing nonlin-
earities in the tether modeling: nonzero limit cycles, e.g., Fig. 13,
small regionsof stabilitywhere instability is expected,e.g., Fig. 15,
and point 3.

The results of this study contributed immensely to the con� dent
understandingof tether and end-body dynamics prior to the launch
of OEDIPUS-C in November 1995 (Ref. 12).

Concluding Remarks
This work demonstrates the strengths and shortcoming of the

mathematicalmodeling being used for the OEDIPUS missions.The
experimental results show that the theoretical models of the most
important characteristics, namely, modal frequencies and payload
attitudestability,can be used with con� dence.Linear modelingdoes
not fully describe all of the observed dynamics phenomena, how-
ever; for some parameter sets it may forecast a tether mode insta-
bility that is at most a bounded tether resonance, and it may over-
look certain regions of convergent attitude motion and limit cycle
behavior.
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